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ALMOST SPLIT SEQUENCES AND APPROXIMATIONS
SHIPING LIU, PUIMAN NG, AND CHARLES PAQUETTE
Abstract. Let A be an exact category, that is, an extension-closed full sub-
category of an abelian category. Firstly, we give some necessary and sufficient
conditions for A to have almost split sequences. Then, we study when an
almost split sequence in A induces an almost split sequence in an exact sub-
category C of A. In case A has almost split sequences and C is Ext-finite
Krull-Schmidt, this provides a necessary and sufficient condition for C to have
almost split sequences. Finally, we show two applications of these results.
Introduction
The Auslander-Reiten theory of almost split sequences has been playing a fun-
damental role in the representation theory of artin algebras with a great impact
in other areas such as algebraic geometry and algebraic topology; see [4, 2, 12].
It is a long standing problem to determine which categories have almost split se-
quences. In the module category over an artin algebra, the existence of almost split
sequences is derived from the Auslander-Reiten duality. In a general Hom-finite
Krull-Schmidt exact category, Gabriel and Roiter showed that the existence of the
Auslander-Reiten duality is necessary for the existence of almost split sequences;
see [9], which is later proved to be sufficient by Lenzing and Zuazua in case the
category is in addition Ext-finite; see [15]. On the other hand, it is natural to study
when a subcategory of a category having almost split sequences has almost split
sequences. A pioneering work in this direction by Auslander and Smalø shows that
functorially finite subcategories of a module category have almost split sequences;
see [6]. Rather recently, Jørgensen considered the analogous problem for Hom-finite
Krull-Schmidt triangulated categories, and proved that if the ambient category has
almost split triangles, then the almost split triangles in a subcategory are linked
to those in the ambient category by minimal approximations; see [13]. By passing
through the homotopy category, this result is applied to obtain a necessary and
sufficient condition for a subcategory of a module category to have almost split
sequences; see [16].
In this paper, we shall deal with the above mentioned two problems in a setup
as general as possible. First, working with an arbitrary exact category, we shall
characterize an almost split sequence in terms of linear forms on the stable endo-
morphism algebras of its end terms. This yields necessary and sufficient conditions
for an exact category to have an almost split sequence with two prescribed end
terms. Specializing to Hom-finite exact categories, we recover the above-mentioned
result by Gabriel-Roiter and Lenzing-Zuazua. Then, we investigate the relation
between the almost split sequences in an exact category and those in its exact sub-
categories. The result says in particular that if the ambient category has almost
split sequences, then the almost split sequences in a Hom-finite Krull-Schmidt exact
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subcategory are precisely the minimal projectively or injectively stable approxima-
tions of the almost split sequences in the ambient category. This is a strengthened
analogous version, by means of a very different approach, of Jørgensen’s result
stated in [12]. Since our categories do not necessarily have projective or injective
objects, one can not simply apply Jørgensen’s result in our situation as is done
in [16]. As an application, given any torsion theory in an exact category having
almost split sequences, we show that the torsion subcategory has right almost split
sequences and the torsion-free subcategory has left almost split sequences. Finally,
we shall apply our results to study almost split sequences in the category of finitely
presented representations of an infinite quiver.
1. Preliminaries
Throughout the paper, R stands for a commutative ring, which is not necessarily
artinian unless otherwise explicitly stated. An R-category is a category in which
the morphism sets are R-modules and the composition of morphisms is R-bilinear.
Let A be an additive R-category, which will be called Hom-finite if its morphism
modules are all of finite R-length. An idempotent endomorphism e : X → X is said
to split in A if there exist morphisms p : X → Y and q : Y → X such that e = qp
and p q = 1IY . Moreover, an object X is called strongly indecomposable if EndA(X)
is local, and Krull-Schmidt if it is a finite direct sum of strongly indecomposable
objects. Now, A is called Krull-Schmidt if every non-zero objects is Krull-Schmidt.
It is shown, from a functorial point of view, by Gabriel and Roiter that A is Krull-
Schmidt if and only if every non-zero object has a semiperfect endomorphism ring
and all the idempotent endomorphisms split in A; see [9, (3.3)]. Here, we present an
alternative elementary proof using of the following probably well known observation.
1.1. Lemma. If A is a semiperfect ring, then the complete sets of orthogonal pri-
mitive idempotents in A are pairwise conjugate up to permutation.
Proof. Let {e1, . . . , en} and {f1, . . . , fm} be complete sets of orthogonal primitive
idempotents in a semiperfect ring A. Then A = Ae1⊕· · ·⊕Aen = Af1⊕· · ·⊕Afm,
where Aei and Afj are indecomposable. By Theorem 27.11 in [1], n = m and
there exists a permutation σ such that Aei ∼= Afσ(i), for i = 1, . . . , n. Thus
ei = (eibifσ(i))(fσ(i)aiei) and fσ(i) = (fσ(i)aiei)(eibifσ(i)), with ai, bi ∈ A. Setting
a =
∑n
i=1(fσ(i)aiei), we see that a
−1 =
∑n
i=1(eibifσ(i)) and fσ(i) = aeia
−1. The
proof of the lemma is completed.
The following statement implies in particular the above mentioned result of
Gabriel and Roiter.
1.2. Proposition. If X is an object in A, then X = X1⊕· · ·⊕Xn with Xi strongly
indecomposable if and only if EndA(X) is semiperfect and all its idempotents split ;
and in this case, each direct summand of X is a direct sum of objects of a subfamily
of {X1, . . . , Xn}, which is its unique decomposition into a direct sum of indecom-
posable objects up to isomorphism and permutation.
Proof. Put E = EndA(X). Suppose that E is semiperfect. Then E has a complete
set {e1, . . . , en} of orthogonal primitive idempotents such that the eiEei are local;
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see [1, (27.6)]. If the idempotents in E split in A, then X = X1 ⊕ · · · ⊕Xn with
EndA(Xi) ∼= eiEei.
Suppose now that X = X1 ⊕ · · · ⊕ Xn, with canonical injections qi : Xi → X ,
canonical projections pi : X → Xi, and local rings EndA(Xi). Setting ei = qipi, we
get a complete set {e1, . . . , en} of orthogonal primitive idempotents in E such that
eiEei ∼= EndA(Xi). In particular, E is semiperfect; see [1, (27.6)]. Let f be a non-
zero idempotent in E. Since E/radE is semi-simple, every non-zero idempotent in E
is a sum of orthogonal primitive idempotents. In particular, there exists a complete
set {f1, . . . , fn} of orthogonal primitive idempotents in E such that f = f1+· · ·+fr,
with 0 < r ≤ n. By Lemma 1.1, there exists a permutation σ and an invertible
a ∈ E such that fi = aeσ(i)a
−1, i = 1, . . . , n. Set L = Xσ(1) ⊕ · · · ⊕Xσ(r), and
p = (pσ(1), · · · , pσ(r))
T a−1 : X → L, and q = a(qσ(1), . . . , qσ(r)) : L→ X.
Then f = qp and pq = 1IL. That is, f splits.
Next, assume that M is a non-zero direct summand of X with a canonical
injection u : M → X and a canonical projection v : X → M . Set f = uv, a non-
zero idempotent in E. As seen above, there exists a permutation σ and morphisms
p : X → Xσ(1) ⊕ · · · ⊕Xσ(r) and q : Xσ(1) ⊕ · · · ⊕Xσ(r) → X such that f = qp and
pq = 1IXσ(1)⊕···⊕Xσ(r) . This yields an isomorphism pu :M → Xσ(1) ⊕ · · · ⊕Xσ(r).
Finally, in order to show the uniqueness of the decomposition of M , we need
only to consider the case where M = X . Suppose that X = Y1 ⊕ · · · ⊕ Ym,
with canonical injections ui : Yi → X , canonical projections vi : X → Yi, and
indecomposable objects Yi. This yields a complete set {w1, . . . , wm} of orthogonal
idempotents in E, where wi = uivi. Since the idempotents split in A, the wi are
primitive. By Lemma 1.1, n = m and we may assume that there exists b ∈ A
such that wi = beib
−1, for i = 1, . . . , n. Then vibqi : Xi → Yi is an isomorphism,
i = 1, . . . , n. The proof of the proposition is completed.
The following statement is an evident observation.
1.3. Lemma. Let I be an ideal of A, and let X be an object in A.
(1) If EndA(X) is local, then I(X,X) = EndA(X) or I(X,X) ⊆ rad(EndA(X)).
(2) If A is Krull-Schmidt, then so is A/I.
To conclude this section, we recall some terminology which will be needed later.
A morphism f : X → Y in A is right minimal if any endomorphism g : X → X such
that fg = f is an automorphism; and left minimal if any endomorphism h : Y → Y
such that hf = f is an automorphism. Let C be a full subcategory of A, and let
X be an object in A. A morphism f : M → X with M ∈ C is called a right
C-approximation of X if HomA(L, f) : HomA(L,M)→ HomA(L,X) is surjective for
any L ∈ C; and a minimal right C-approximation if, in addition, f is right minimal.
Dually, a morphism g : X → N with N ∈ C is called a left C-approximation of X if
HomA(f, L) : HomA(N,L) → HomA(X,L) is surjective for any L ∈ C; and a mini-
mal left C-approximation if, in addition, f is left minimal. Moreover, one says that
C is contravariantly finite in A if every object in A has a right C-approximation, co-
variantly finite in A if every object in A has a left C-approximation, and functorially
finite if it is both contravariantly finite and covariantly finite in A; see [5].
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2. Existence of almost split sequences
For the rest of the paper, let A stand for an exact R-category, that is, an
extension-closed full subcategory of an abelian R-category A . Clearly, the idem-
potents in A split if and only if A is closed under direct summands in A . The
objective of this section is to study the existence of almost split sequences in A.
Let δ : 0 // X
f
// Y
g
// Z // 0 be a short exact sequence in A. We shall call
f a proper monomorphism and g a proper epimorphism in A. Given any morphisms
u : X → M and v : N → Z in A, since A is extension-closed in A , we have a
pushout diagram
δ : 0 // X //
u

Y

// Z // 0
uδ : 0 // M // L // Z // 0
as well as a pullback diagram
δv : 0 // X // E

// N //
v

0
δ : 0 // X // Y // Z // 0.
Thus, the equivalent classes of short exact sequences 0 // X // E // Z // 0
in A form an abelian group Ext1A(Z,X) under Baer sum, which is an EndA(X)-
EndA(Z)-bimodule under the multiplications illustrated in the above diagrams.
Since EndA(X) is an R-algebra, Ext
1
A(X,Z) is an R-module. We shall say that
A is Ext-finite if Ext1A(X,Y ) is of finite R-length for all X,Y ∈ A.
The stable categories of A introduced by Gabriel and Roiter are essential for our
investigation; see [9, (9.2)], and also [15, (2.1)]. A morphism u : X → Y in A is
called injectively trivial if the map
Ext1A(L, u) : Ext
1
A(L,X)→ Ext
1
A(L, Y ) : η 7→ uη
is zero for any L ∈ A, or equivalently, u factors through any proper monomorphism
v : X →M in A. Dually, u : X → Y is called projectively trivial if the map
Ext1A(u, L) : Ext
1
A(Y, L)→ Ext
1
A(X,L) : ζ 7→ ζu
is zero for any L ∈ A, or equivalently, u factors through any proper epimorphism
w : N → Y in A. It is easy to verify that the injectively trivial morphisms in A
form an ideal, denoted as I
A
; and the projectively trivial morphisms form an ideal,
as denoted as P
A
. Now, the quotient category A = A/I
A
is called the injectively
stable category of A, while A = A/P
A
is called the projectively stable category.
In the sequel, for a morphism u : X → Y in A, we shall denote by u and u its
images in Hom
A
(X,Y ) and HomA(X,Y ), respectively. Finally, an object X ∈ A
is called Ext-injective if every proper monomorphism f : X → Y is a section; and
Ext-projective if every proper epimorphism g : Y → X is a retraction. It is easy to
see that X is Ext-injective if and only if 1IX is injectively trivial, or equivalently, X
is zero in A. Dually, X is Ext-projective if and only if 1IX is projectively trivial, or
equivalently, X is zero in A.
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Next, we recall from [3] some terminology and facts for the Auslander-Reiten
theory. Let f : X → Y be a morphism. One says that f is right almost split if f is
not a retraction and every non-retraction morphism g :M → Y factors through f ;
and minimal right almost split if f is right minimal and right almost split. In a dual
manner, one defines f to be left almost split andminimal left almost split. Note that
if f : X → Y is left or right almost split, then X or Y is strongly indecomposable,
respectively; see [3]. A short exact sequence
δ : 0 // X
f
// Y
g
// Z // 0
is called almost split if f is minimal left almost split and g is minimal right al-
most split; see [3]. In this case, both the EndA(X)-socle and the EndA(Z)-socle
of Ext1A(Z,X) are simple generated by δ. Moreover, since δ is unique up to iso-
morphism for X and for Z, we may write X = τ
A
Z and Z = τ−
A
X. We shall say
that A has right almost split sequences if every indecomposable object is either
Ext-projective or the ending term of an almost split sequence, A has left almost
split sequences if every indecomposable object is either Ext-injective or the start-
ing term of an almost split sequence, and A has almost split sequences if it has
both left and right almost split sequences. The following result of Auslander and
Reiten is originally stated for abelian categories. However, the proof stated in [3,
(2.13),(2.14)] works for exact categories.
2.1. Lemma. A short exact sequence 0 // X
f
// Y
g
// Z // 0 in A is almost
split if and only if f is left almost split and EndA(Z) is local ; if and only if g is
right almost split and EndA(X) is local.
From now on, fix an injective co-generator I for the category ModR of all R-
modules, which will be minimal if R is artinian. Then we have an exact endofunctor
D = HomR(−, I) : ModR → ModR. For U, V ∈ ModR, an R-bilinear form
< , >: U ×V → I is called non-degenerate provided that, for any non-zero element
u ∈ U , there exists some v ∈ V such that <u, v> 6= 0, and for any non-zero element
v ∈ V , there exists some u ∈ U such that <u, v> 6= 0. Observe that every R-linear
form ϕ : Ext1A(Z,X)→ I determines, for each L ∈ A, two R-bilinear forms:
< , >ϕ : HomA(L,X)× Ext
1
A(Z,L)→ I : (f¯ , η) 7→ ϕ(fη),
and
ϕ< , >: Ext
1
A(L,X)×HomA(Z,L)→ I : (ζ, g) 7→ ϕ(ζg).
On the other hand, if δ is a non-zero extension in Ext1A(Z,X), then there exists
always an R-linear form ϕ : Ext1A(Z,X)→ I such that ϕ(δ) 6= 0. We are now ready
to state the following result of Gabriel and Roiter, which is implicitly stated in [9,
(9.3)]; see also [15, (3.1)]. We include their proof for the reader’s convenience,
2.2. Proposition. Let δ : 0 // X // Y // Z // 0 be an almost split sequence
in A, and let ϕ : Ext1A(Z,X) → I be an R-linear form. If ϕ(δ) 6= 0, then the
R-bilinear forms
< , >ϕ : HomA(L,X)× Ext
1
A(Z,L)→ I
and
ϕ< , >: Ext
1
A(L,X)×HomA(Z,L)→ I
are both non-degenerate, for every L ∈ A.
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Proof. Suppose that ϕ(δ) 6= 0 and L ∈ A. We shall prove only that ϕ < , > is
non-degenerate. Let g : Z → L be a morphism in A which is not projectively
trivial. Then A admits a pullback diagram
η : 0 // M // N

// Z //
g

0
ζ : 0 // M // E // L // 0
with non-split rows. Since δ is almost split, there exists a pushout diagram
η : 0 // M //
h

N

// Z // 0
δ : 0 // X // Y // Z // 0
in A. This yields δ = hη = h(ζg) = (hζ)g. As a consequence, hζ ∈ Ext1A(L,X)
is such that ϕ < hζ, g >= ϕ((hζ)g) = ϕ(δ) 6= 0. On the other hand, consider a
non-split short exact sequence ζ : 0 // X // E // L // 0 in A. Since δ is
almost split, there exists a pullback diagram
δ : 0 // X // Y

// Z //
g

0
ζ : 0 // X // E // L // 0
in A. Thus g ∈ HomA(Z,L) is such that ϕ<ζ, g>= ϕ(ζg) = ϕ(δ) 6= 0. The proof
of the proposition is completed.
Our first result will be a characterization of an almost split sequence. We need to
introduce some terminology. Let F : A → ModR and G : A → ModR be covariant
or contravariant R-linear functors. A functorial monomorphism φ : F → G is
a natural transformation with φX : F (X) → G(X) being injective for all X ∈ A.
Moreover, if U ∈ModR, then an R-linear form φ : U → I is called almost vanishing
if it vanishes on radU but not on U .
2.3. Theorem. Let A be an exact R-category, which has a short exact sequence
δ : 0 // X // Y // Z // 0 with X,Z strongly indecomposable. The following
statements are equivalent.
(1) The sequence δ is an almost split sequence in A.
(2) There exists a functorial monomorphism φ : Ext1A(Z, −) → DHomA(−, X)
such that φX(δ) is almost vanishing on EndA(X).
(3) There exists a functorial monomorphism ψ : Ext1A(−, X) → DHomA(Z, −)
such that ψZ(δ) is almost vanishing on EndA(Z).
Proof. We shall prove only the equivalence of Statements (1) and (2). Since δ 6= 0
in each of the statements, we may assume that X is not Ext-injective, that is, X is
non-zero inA. By Lemma 1.3(1), rad(End
A
(X)) = rad(EndA(X))/IA(X,X).
Assume first that δ is an almost split sequence. In particular, there exists an
R-linear form ϕ : Ext1(Z,X) → I such that ϕ(δ) 6= 0. Fix L ∈ A. By Proposition
2.2, we have a non-degenerate bilinear form
< , >ϕ : HomA(L,X)× Ext
1
A(Z,L)→ I : (f¯ , η) 7→ ϕ(fη).
This induces an R-linear monomorphism
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φL : Ext
1
A(Z, L)→ DHomA(L, X) : η 7→<− , η>ϕ,
which is clearly natural in L. Since φX is injective, φX(δ) 6= 0. If f¯ ∈ rad(EndA(X)),
then f ∈ rad(EndA(X)). Since δ is almost split, we have fδ = 0. As a consequence,
φX(δ)(f) =<f, δ>ϕ= ϕ(fδ) = 0. Thus, φX(δ) is almost vanishing on EndA(X).
Conversely, let φ : Ext1A(Z, −)→ DHomA(−, X) be a functorial monomorphism
such that φX(δ) is almost vanishing on EndA(X). Then, δ 6= 0. Let u : X → L be
a morphism in A which is not a section. For any morphism v : L → X , we have
vu ∈ rad(End
A
(X)), and hence, v¯u¯ ∈ rad(End
A
(X)). Thus φX(δ)(v¯u¯) = 0, that is,
(DHom
A
(u,X) ◦ φX)(δ) = 0. In view of the commutative diagram
Ext1A(Z,X)
φX

Ext1
A
(Z,u)
// Ext1A(Z,L)
φL

DHom
A
(X,X)
DHom
A
(u,X)
// DHom
A
(L,X),
we see that (φL ◦Ext
1
A(Z, u))(δ) = 0. Since φL is injective, uδ = Ext
1
A(Z, u)(δ) = 0.
That is, u factors through the monomorphism X → Y in δ. By Lemma 2.1, δ is an
almost split sequence. The proof of the theorem is completed.
If X,Y ∈ A, then DHom
A
(X,Y ) is an EndA(X)-EndA(Y )-bimodule with multi-
plications defined, for f ∈ EndA(X), θ ∈ DHomA(X,Y ), g ∈ EndA(Y ), by
fθg : Hom
A
(X,Y )→ I : h 7→ θ(ghf).
Similarly, DHomA(X,Y ) is an EndA(X)-EndA(Y )-bimodule.
2.4. Theorem. Let A be an exact R-category, and let X,Z be strongly indecom-
posable objects in A. The following statements are equivalent.
(1) There exists an almost split sequence 0 // X // Y // Z // 0 in A.
(2) The EndA(X)-socle of Ext
1
A(Z,X) is non-zero and there exists a functorial
monomorphism φ : Ext1A(Z, −)→ DHomA(−, X).
(3) The EndA(Z)-socle of Ext
1
A(Z,X) is non-zero and there exists a functorial
monomorphism ψ : Ext1A(−, X)→ DHomA(Z, −).
Proof. We shall prove only the equivalences of Statements (1) and (2). Assume first
that A has an almost split sequence δ : 0 // X // Y // Z // 0. By Theorem
2.3, there exists a functorial monomorphism φ : Ext1A(Z, −) → DHomA(−, X).
Being almost split, δ a non-zero element in the EndA(X)-socle of Ext
1
A(Z,X).
Conversely, suppose that δ : 0 // X // Y // Z // 0 is a non-zero extension
lying in the EndA(X)-socle of Ext
1
A(Z,X). In particular, X is not Ext-injective and
Z is not Ext-projective. Let φ : Ext1A(Z, −) → DHomA(−, X) be a functorial
monomorphism. Since φ is natural, φX : Ext
1
A(Z,X) → DEndA(X) is EndA(X)-
linear. Hence, θ = φX(δ) is a non-zero element of DEndA(X), which is annihilated
by rad(EndA(X)). If f¯ ∈ rad(EndA(X)), then f ∈ rad(EndA(X)) by Lemma 1.3(1),
and hence, θ(f¯) = (fθ)(1I) = 0. That is, θ is almost vanishing. By Theorem 2.3, δ
is almost split in A. The proof of the theorem is completed.
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For the rest of this section, we shall concentrate on the case where R is artinian
and I is the minimal injective co-generator for ModR. In this case, we have a
duality D = HomR(−, I) : modR → modR, where modR denotes the category of
finitely generated R-modules.
2.5. Lemma. Let R be artinian, and let < , >: U × V → I be a non-degenerate
R-bilinear form, where U, V ∈ ModR. If U or V is of finite R-length, then we have
two R-linear isomorphisms
V → DU : v 7→<− , v> and U → DV : u 7→<u, −> .
Proof. Since < , > is non-degenerate, we have two R-linear monomorphisms :
φ : V → DU : v 7→<− , v> and ψ : U → DV : u 7→<u, −> .
Suppose that V has finite R-length ℓR(V ). Then ℓR(DV ) = ℓR(V ). Since ψ
is injective, ℓR(U) ≤ ℓR(V ). On the other hand, since φ is injective, we have
ℓR(V ) ≤ ℓR(DU) = ℓR(U) ≤ ℓR(V ). This yields ℓR(V ) = ℓR(DU), and hence,
ℓR(U) = ℓR(DV ). As a consequence, φ and ψ are isomorphisms. Similarly, the
result holds true if ℓR(U) is finite. The proof of the lemma is completed.
2.6. Lemma. Let A be an exact R-category where R is artinian, which has an almost
split sequence 0 // X // Y // Z // 0.
(1) If L ∈ A, then Ext1A(Z,L) is of finite R-length if and only if so is HomA(L,X);
and in this case, Ext1A(Z, L)
∼= DHomA(L, X).
(2) If L ∈ A, then Ext1A(L,X) is of finite R-length if and only if so is HomA(Z,L);
and in this case, Ext1A(L, X)
∼= DHomA(Z, L).
Proof. We shall prove only Statement (1). For any L ∈ A, by Proposition 2.2, there
exists a non-degenerate R-bilinear form < , >: Hom
A
(L,X) × Ext1A(Z,L) → I.
If Hom
A
(L,X) or Ext1A(Z,L) is of finite R-length, then it follows from Lemma 2.5
that Ext1A(Z, L)
∼= DHomA(L, X). The proof of the lemma is completed.
The following result is a local version, but under weaker hypotheses, of the main
result stated in [15].
2.7. Theorem. Let A be an exact R-category where R is artinian, and let X,Z ∈ A
be strongly indecomposable with X not Ext-injective and Z not Ext-projective.
(1) If Hom
A
(L,X) ∈ modR for all L ∈ A, then A has an almost split sequence
0 // X // Y // Z // 0 if and only if Ext1A(Z, −)
∼= DHomA(−, X).
(2) If HomA(Z,L) ∈ modR for all L ∈ A, then A has an almost split sequence
0 // X // Y // Z // 0 if and only if Ext1A(−, X)
∼= DHomA(Z, −).
Proof. We shall prove only Statement (1). Suppose that Hom
A
(L,X) is of finite
R-length for any L ∈ A. Let φ : Ext1A(Z, −) → DHomA(−, X) be a functorial
isomorphism. Since Z is not Ext-projective, End
A
(X) 6= 0. Since φX is bijective,
Ext1A(Z, X) is non-zero of finite R-length. In particular, the End
1
A(X)-socle of
Ext1A(Z,X) is non-zero. By Theorem 2.4, A has a desired almost split sequence.
Conversely, let 0 // X // Y // Z // 0 be an almost split sequence in A. By
Theorem 2.3, we have a functorial monomorphism φ : Ext1A(Z, −)→ DHomA(−, X).
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For each L ∈ A, by Lemma 2.6(1), Ext1A(Z, L)
∼= DHomA(L, X), and hence, the
monomorphism φL : Ext
1
A(Z, L)→ DHomA(L,X) is an isomorphism. The proof of
the theorem is completed.
We conclude this section with the following interesting consequence.
2.8. Corollary. Let A be a Krull-Schmidt exact R-category where R is artinian.
If A has almost split sequences, then A is Ext-finite if and only if A is Hom-finite,
if and only if A is Hom-finite.
Proof. Let X,Y ∈ A be indecomposable. Suppose first that A is Hom-finite. If X
is Ext-projective, then Ext1A(X,Y ) = 0. Otherwise, since HomA(Y, τAX) is of finite
R-length, so is Ext1A(X,Y ) by Lemma 2.6(1). Thus A is Ext-finite.
Suppose next that A is Ext-finite. If Y is Ext-injective, Hom
A
(X,Y ) = 0.
Otherwise, since Ext1A(τ
−
A
Y,X) is of finite R-length, so is Hom
A
(X,Y ) by Lemma
2.6(1). This shows that A is Hom-finite. Similarly, A is Ext-finite if and only if A
is Hom-finite. The proof of the corollary is completed.
3. Minimal approximations
Throughout this section, A stands for an exact R-category, and C for an exact
subcategory of A, that is, C is an extension-closed full subcategory of A. The
objective of this section is to study when an almost split sequence in A induces an
almost split sequence in C.
We start with some notation and terminology. Let C˜ and C
˜
stand for the full
subcategories generated by the objects in C ofA and A, respectively. Fix an object
X ∈ A. A morphism f :M → X in A with M ∈ C is called a right injectively stable
C-approximation of X if f¯ is a right C˜-approximation of X in A ; and a minimal
right injectively stable C-approximation if, in addition, f¯ is right minimal in A and
M has no non-zero summand which is Ext-injective in A. Dually, a morphism
g : X → N in A with N ∈ C is called a left projectively stable C-approximation of
X if g is a left C
˜
-approximation of X in A ; and a minimal left projectively stable
C-approximation if, in addition, g is left minimal in A and N has no non-zero
summand which is Ext-projective in A.
3.1. Lemma. Let X ∈ A have a right injectively stable C-aprroximation f :M → X.
If M is Krull-Schmidt, then f decomposes as f = (g, h) : N ⊕ L → X, where g is
a minimal right injectively stable C-approximation of X.
Proof. Let M be Krull-Schmidt. Then f = (f1, . . . , fr) : M = M1⊕ · · · ⊕Mr → X,
where the Mi are strongly indecomposable in C. If f is injectively trivial in A, then
0 : 0→ X is a minimal injectively stable C-approximation of X . Otherwise, we may
assume that there exists some 1 ≤ s ≤ r such that Mi is Ext-injective in A if and
only if s < i ≤ r. Put U = M1⊕· · ·⊕Ms and u = (f1, . . . , fs) : U → X . Then u¯ is a
right C˜-approximation ofX inA. By Lemma 1.3, theMi with 1 ≤ i ≤ s are strongly
indecomposable inA. Hence, by Proposition 1.2, the idempotents in End
A
(U) split
in A. Therefore, there exists a decomposition u = (v¯, 0¯) : U = V ⊕ W → X,
where v¯ is right minimal in A; see [14, (1.4)]. Then v¯ : V → X is a minimal
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right C˜-approximation of X in A. Since V is a direct summand of M in A, by
Proposition 1.2, we may assume that A has an isomorphism p¯ : N → V , where
N = M1 ⊕ · · · ⊕Mt for some 1 ≤ t ≤ s. Setting g = vp, we get a minimal right
C˜-approximation g¯ : N → X of X in A. Then, g : N → X is a minimal right
injectively stable C-approximation of X . The proof of the lemma is completed.
The following result characterizes the Ext-projective or Ext-injective objects in
C which admit an almost split sequence in A.
3.2. Lemma. Let 0 // X // Y // Z // 0 be an almost split sequence in A.
(1) If Z ∈ C, then it is Ext-projective in C if and only if 0→ X is a right injectively
stable C-approximation of X.
(2) If X ∈ C, then it is Ext-injective in C if and only if Z → 0 is a left projectively
stable C-approximation of Z.
Proof. We shall prove only Statement (1). For each L ∈ C, by Proposition 2.2, there
exists a non-degenerate R-bilinear form < , >: Hom
A
(L,X)× Ext1A(Z,L) → I. If
Z ∈ C, then Ext1A(Z,L) = Ext
1
C(Z,L). Therefore, Z is Ext-projective in C if and
only if Ext1C(Z,L) = 0 for all L ∈ C, if and only if HomA(L,X) = 0 for all L ∈ C,
that is, 0→ X is a right injectively stable C-approximation of X . The proof of the
lemma is completed.
We shall now show that minimal injectively or projectively stable C-approxima-
tions of almost split sequences inA are almost split sequences in C. For this purpose,
we need the following preparatory lemma.
3.3. Lemma. Let δ : 0 // X // Y // Z // 0 be an almost split sequence in A,
where Z lies in C and X admits a minimal right injectively stable C-approximation
f :M → X.
(1) For L ∈ C, the map Ext1A(L, f) : Ext
1
A(L,M)→ Ext
1
A(L,X) is injective.
(2) If u : L→M lies in C, then fu ∈ IA(L,X) if and only if u ∈ IC(L,M).
(3) If Z is not Ext-projective in C, then M is indecomposable.
Proof. (1) Let L ∈ C, and consider a pushout diagram
η : 0 // M
r
//
f

E //
g

L // 0
ζ : 0 // X
s
// F // L // 0
in A. If ζ splits, then ts = 1I for some t : F → X , and hence f = (tg)r. Since E ∈ C,
there exists some h : E → M such that tg = fh. This gives rise to f¯ = f¯ · hr.
Since f¯ is right minimal in A , we see that hr is an automorphism of M in A .
Therefore, wr = 1¯I, for some w : E →M . That is, 1I−wr is injectively trivial in A.
In particular, 1I− wr factors through r. Then r is a section, that is, η splits.
(2) Let u : L → M be a morphism in C. Assume first that fu is not injectively
trivial in A. Let ϕ : Ext1A(Z,X) → I be an R-linear form such that ϕ(δ) 6= 0.
In view of Proposition 2.2, there exists ζ ∈ Ext1A(Z,L) such that ϕ(fuζ) 6= 0. In
particular, u ζ 6= 0. Since ζ lies in C, we see that u 6∈ IC(L,M). Suppose conversely
that fu is injectively trivial in A. If η : 0 // L // E // N // 0 is a short
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exact sequence in C, then (fu)η = 0, that is, f(uη) = 0. By Statement (1), uη = 0.
Therefore, u ∈ IC(L,M).
(3) Since the right EndA(Z)-module Ext
1
A(Z,X) has a simple socle, every non-
zero EndA(Z)-submodule of Ext
1
A(Z,X) is indecomposable. Suppose that Z is not
Ext-projective in C. In particular, it is not Ext-projective in A. By Lemma 3.2(1),
f is not injectively trivial in A. By Proposition 2.2, Ext1A(Z,M) 6= 0. Observe
that Ext1A(Z, f) : Ext
1
A(Z,M) → Ext
1
A(Z,X) is EndA(Z)-linear and injective by
Statement (1). Thus, Ext1A(Z,M) is isomorphic to a non-zero EndA(Z)-submodule
of Ext1A(Z,X), and hence, it is an indecomposable right EndA(Z)-module. Assume
that M = M1 ⊕ M2, with non-zero injections qi : Mi → M , i = 1, 2. By the
hypothesis, M1 and M2 are non-zero in A. Since f is right minimal in A, we have
fqi 6= 0¯, and by Proposition 2.2, Ext
1
A(Z,Mi) 6= 0, i = 1, 2. This is absurd, since
Ext1A(Z,M)
∼= Ext1A(Z,M1)⊕ Ext
1
A(Z,M2). The proof of the lemma is completed.
3.4. Proposition. Let δ : 0 // X // Y // Z // 0 be an almost split sequence
in A, where Z lies in C and X has a non-zero minimal right injectively stable C-
approximation f :M → X. If M is Krull-Schmidt, then A has a pushout diagram
η : 0 // M //
f

N

// Z // 0
δ : 0 // X // Y // Z // 0;
and in any such pushout diagram, η is an almost split sequence in C.
Proof. By assumption, M is non-zero. Then, by definition, M is not Ext-injective
in A. That is, M is non-zero in A. Being right minimal, f¯ is non-zero in A.
By Lemma 3.2(1), Z is not Ext-projective in C. Then, M is indecomposable by
Lemma 3.3(3), and hence strongly indecomposable since it is Krull-Schmidt. For
each L ∈ C, in view of Lemma 3.3(2), we have an isomorphism
Hom
C
(L,M)→ Hom
A
(L,X) : u˜ 7→ fu,
which is clearly natural in L. This induces a functorial isomorphism
DHom
A
(−, X)|C → DHomC(−,M).
On the other hand, by Theorem 2.3, there exists a functorial monomorphism
Ext1A(Z,−)→ DHomA(−, X).
Since Ext1C(Z,−) = Ext
1
A(Z,−)|C , we get a functorial monomorphism
φ : Ext1C(Z,−)→ DHomC(−,M).
Since f is not injectively trivial, by Proposition 2.2, there exists a non-zero
extension ζ ∈ Ext1A(Z,M) such that fζ 6= 0. Since δ is almost split in A, there
exists g ∈ EndA(Z) such that δ = (fζ)g = f(ζg). This establishes the existence of
a commutative diagram as stated in the proposition.
Now, let η ∈ Ext1C(M,Z) be such that fη = δ. Suppose that uη 6= 0 for
some u ∈ rad(EndC(M)). Since δ is almost split, there exists some v : M → X
such that v(uη) = δ. Since f¯ is a right C˜-approximation of X , there exists some
w : M → M such that v = fw. This yields fη = δ = f(wuη). By Lemma 3.3(1),
η = (wu)η. Since wu ∈ rad(EndC(M)), we get η = 0, a contradiction. This proves
12 SHIPING LIU, PUIMAN NG, AND CHARLES PAQUETTE
that η lies in the EndC(M)-socle of Ext
1
A(M,Z). Since φM is an EndC(M)-linear
monomorphism, φM (η) is almost vanishing on EndC(M). By Theorem 2.3, η is an
almost split sequence in C. The proof of the proposition is completed.
The following statement generalizes the main results stated in [6]; see also [9].
Observe that we do not impose any finiteness assumption.
3.5. Corollary. Let A have almost split sequences. If C is Krull-Schmidt and
functorially finite in A, then C has almost split sequences.
Proof. Assume that C is Krull-Schmidt and functorially finite in A. Let Z ∈ C
be indecomposable but not Ext-projective. Then A has an almost split sequence
0 // X // Y // Z // 0. By the assumption and Lemma 3.1, X has a minimal
right injectively stable C-approximation f : M → X . By Lemma 3.2(1), f is non-
zero. By Proposition 3.4, C has a almost split sequence ending with Z. This shows
that C has right almost split sequences. Dually, C has left almost split sequences.
The proof of the corollary is completed.
Next, we shall establish the converse of Proposition 3.4. For this purpose, some
finiteness assumption is needed.
3.6. Proposition. Let R be artinian, and let δ : 0 // X // Y // Z // 0 and
η : 0 // M // N // Z // 0 be almost split sequences in A and C, respectively.
If Hom
C
(L,M) ∈ modR for any L ∈ C, then η embeds in a pushout diagram
η : 0 // M //
f

N
g

// Z // 0
δ : 0 // X // Y // Z // 0
in A; and in any such pushout diagram, f is a minimal right injectively stable
C-approximation of X, and g is a right injectively stable C-approximation of Y.
Proof. Suppose that Hom
C
(L,M) is of finite R-length, for every L ∈ C. Since δ is
almost split, A has a commutative diagram
η : 0 // M
r
//
f

N
g

s
// Z // 0
δ : 0 // X
u
// Y
v
// Z // 0.
Fix an R-linear form ϕ : Ext1A(Z,X) → I such that ϕ(δ) 6= 0. This yields an
R-linear form
ψ : Ext1C(Z,M)→ I : ζ 7→ ϕ(fζ)
such that ψ(η) = ϕ(δ) 6= 0. Let L ∈ C. By Proposition 2.2, we have non-degenerate
R-bilinear forms
< , >ϕ: HomA(L,X)× Ext
1
A(Z,L)→ I : (q, ζ) 7→ ϕ(qζ)
and
< , >ψ: HomC(L,M)× Ext
1
C(Z,L)→ I : (p˜ , ζ) 7→ ψ(pζ).
Let q : L→ X be a morphism in A. Since Ext1A(Z,L) = Ext
1
C(Z,L), we have an
R-linear form
<q¯, −>ϕ : Ext
1
C(Z,L)→ I : ζ 7→<q¯, ζ>ϕ .
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Since Hom
C
(L,M) is of finite R-length, by Lemma 2.5, there exists p : L → M
in C such that <q¯, −>ϕ=<p˜ , −>ψ. That is, for any ζ ∈ Ext
1
A(Z,L), we have
<q¯, ζ>ϕ=<p˜ , ζ>ψ= ψ(p ζ) = ϕ(fp ζ) =<fp, ζ>ϕ .
Since < , >ϕ is non-degenerate, q¯ = fp . This shows that f is a right injectively
stable C-approximation of X , which is minimal since M is strongly indecomposable
in both A and A; see (1.3).
Next, consider a morphism h : L → Y in A with L ∈ C. Since vh is not a
retraction, there exists w : L → N such that vh = sw = vgw. Thus h − gw = ut
for some t : L→ X . Using what we have just proved, there exists some morphism
j : L → M such that t¯ = fj, and hence h− gw = ufj = grj. This yields that
h = g¯(w + rj). That is, g is a right injectively stable C-approximation of Y . The
proof of the proposition is completed.
We are ready to obtain the main result of this section.
3.7. Theorem. Let A be an exact R-category where R is artinian, and let C be an
exact subcategory of A which is Ext-finite and Krull-Schmidt.
(1) If A has right almost split sequences, then C has right almost split sequences
if and only if τ
A
Z has a right injectively stable C-approximation, for any inde-
composable not Ext-projective object Z in C.
(2) If A has left almost split sequences, then C has left almost split sequences if and
only if τ
A
−X has a left projectively stable C-approximation, for any indecompos-
able not Ext-injective object X in C.
Proof. We shall prove only Statement (1). Assume that A has right almost split
sequences. Since C is Krull-Schmidt, as seen in the proof of Corollary 3.5, the
sufficiency follows from Proposition 3.4 and Lemmas 3.1 and 3.2. For proving the
necessity, let Z ∈ C be indecomposable such that C has an almost split sequence
0 // M // N // Z // 0. For any L ∈ C, since Ext1C(Z,L) is of finite R-length,
so is Hom
C
(L,M) by Lemma 2.6(1). Thus, by Proposition 3.6, τ
A
Z has a minimal
right injectively stable C-approximation. The proof of the theorem is completed.
We conclude this section with an application. Following [8], we shall say that
a pair (T ,F) of full subcategories of A is a torsion theory if the following two
conditions are satisfied :
(1) For any objects T ∈ T and F ∈ F , we have HomA(T, F ) = 0.
(2) For any object X ∈ A, there exists a canonical short exact sequence
0 // t(X) // X // f(X) // 0,
where t(X) ∈ T and f(X) ∈ F .
Remark. If (T ,F) is a torsion theory in A, then it is easy to see that T and F
are exact subcategories of A.
3.8. Proposition. Let A be an exact R-category with a torsion theory (T ,F), and
let 0 // X // Y // Z // 0 be an almost split sequence in A.
(1) If Z ∈ T is not Ext-projective, then T has an induced almost split sequence
0 // t(X) // t(Y ) // Z // 0.
14 SHIPING LIU, PUIMAN NG, AND CHARLES PAQUETTE
(2) If X ∈ F is not Ext-injective, then F has an induced almost split sequence
0 // X // f(Y ) // f(Z) // 0.
Proof. We shall only prove Statement (1). Suppose that Z ∈ T is not Ext-
projective. Consider the canonical short exact sequence
0 // t(X)
q
// X
p
// f(X) // 0.
Observe that q is a right T -approximation, and hence a right injectively stable
T -approximation, of X . By Lemma 3.2(1), q is not injectively trivial in A. In
particular, t(X) is not Ext-injective in A. Moreover, since q is a monomorphism,
we have an R-linear isomorphism
HomA(t(X), q) : EndA(t(X))→ HomA(t(X), X).
On the other hand, HomA(Z, f(X)) = 0 since Z ∈ T , and thus, Ext
1
A(f(X), X) = 0
by Proposition 2.2. Applying HomA(−, X) to the canonical short exact sequence
yields an R-linear epimorphism
HomA(q,X) : EndA(X)→ HomA(t(X), X).
Composing this with the inverse of HomA(t(X), q), we get an R-linear epimorphism
ϕ : EndA(X) → EndA(t(X)), which is a ring morphism. Since EndA(X) is local,
so is EndA(t(X)). Hence, q : t(X) → X is a minimal right injectively stable T -
approximation of X . By Proposition 3.4, A has a pushout diagram
0 // t(X) //
q

N
g

// Z // 0
0 // X // Y // Z // 0,
where the upper row is an almost split sequence in T . Using the Snake Lemma, we
infer that N ∼= t(Y ). The proof of the proposition is completed.
The following statement is an immediate consequence of the preceding result.
3.9. Corollary. Let A be an exact R-category with a torsion theory (T ,F).
(1) If A has right almost split sequences, then T has right almost split sequences.
(2) If A has left almost split sequences, then F has left almost split sequences.
4. Representations of infinite quivers
Let k be a field, and let Q = (Q0, Q1) be a quiver which is locally finite and
interval-finite, that is, the number of paths between any given pair of vertices is
finite. Consider the category rep(Q) of locally finite dimensional k-representations
of Q, which is a hereditary abelian k-category. For each x ∈ Q0, one defines an
indecomposable projective representation Px and an indecomposable injective rep-
resentation Ix. Denote by proj(Q) and inj(Q) the additive full subcategories of
rep(Q) generated by the Px with x ∈ Q0 and by the Ix with x ∈ Q0, respectively.
As in the finite case, there exists a Nakayama equivalence ν : proj(Q) → inj(Q).
Furthermore, let rep+(Q) be the full subcategory of rep(Q) generated by the rep-
resentations which are presented by the projective representations in proj(Q), and
let rep−(Q) be the one generated by the representations which are co-presented
by the injective representations in inj(Q). It is shown that rep+(Q) and rep−(Q)
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are Hom-finite, hereditary, abelian, and extension-closed in rep(Q); and that their
intersection is the category of finite dimensional representations; see [7, (1.15)].
Let M be an indecomposable representation in rep(Q). If M ∈ rep+(Q) has a
minimal projective presentation
0 // P1
f
// P0 // M // 0,
then we denote by DTrM the kernel of ν(f); and if M ∈ rep−(Q) has a minimal
injective co-presentation
0 // M // I0
g
// I1 // 0,
then TrDM denotes the co-kernel of ν−(g). It is shown in [7] that rep(Q) has
an almost split sequence 0 // DTrM // N // M // 0 provided M ∈ rep+(Q)
is not projective; and an almost split sequence 0 //M // N // TrDM // 0
providedM ∈ rep−(Q) is not injective. Now, we shall apply our previous results to
give a short proof of the following result obtained in [7, Section 3].
4.1. Theorem. Let M be an indecomposable representation in rep(Q).
(1) If M ∈ rep+(Q) is not projective, then rep+(Q) has an almost split sequence
0 // L // N // M // 0 if and only if DTrM is finite dimensional; and in
this case, L ∼= DTrM.
(2) If M ∈ rep−(Q) is not injective, then rep−(Q) has an almost split sequence
0 // M // N // L // 0 if and only if TrDM is finite dimensional; and in
this case, L ∼= TrDM .
Proof. We prove only Statement (1). Let M ∈ rep+(Q) be not projective. Then,
rep(Q) has an almost split sequence δ : 0 // DTrM // N // M // 0, where
DTrM ∈ rep−(Q); see [7, (2.8)]. If DTrM is finite dimensional, then δ lies in
rep+(Q), and hence it is an almost split sequence in rep+(Q).
Conversely, assume that 0 // L // N // M // 0 is an almost split sequence
in rep+(Q). By Proposition 3.6, DTrM has a right injectively stable rep+(Q)-
approximation f : L→ DTrM . Suppose that DTrM is infinite dimensional. Then
supp(DTrM) contains a left infinite path; see [7, (1.7)], which does not lie in suppL;
see [7, (1.6)]. In particular, there exists a vertex x in supp(DTrM) which does not
lie in suppL. Then Homrep(Q)(Px, L) = 0, but there exists a non-zero morphism
g : Px → DTrM . Write g = jh, where j : X → DTrM is a monomorphism and
h : Px → X is an epimorphism. Then, we have Homrep(Q)(X,L) = 0. Moreover,
suppX is contained in the intersection of suppPx and supp(DTrM). Note that
supp(DTrM) has some vertices a1, . . . , ar such that every vertex in supp(DTrM)
is a predecessor of some of the ai; see [7, (1.6)]. Since Q is interval-finite, suppX
is finite. Thus X is finite dimensional. In particular, X has an injective envelope
q : X → J with J ∈ inj(Q). Observe that j factors through f . Then j¯ = 0¯, since
Homrep(Q)(X,L) = 0. That is, j is injectively trivial, and hence j factors through
q. On the other hand, since rep(Q) is hereditary and DTrM is indecomposable,
Homrep(Q)(J, DTrM) = 0. This yields j = 0, a contradiction. The proof of the
theorem is completed.
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